Abstract-It was shown by Massey that linear complementary dual (LCD) codes are asymptotically good. In 2004, Sendrier proved that LCD codes meet the asymptotic Gilbert-Varshamov (GV) bound. Until now, the GV bound still remains to be the best asymptotical lower bound for LCD codes. In this paper, we show that an algebraic geometry code over a finite field of even characteristic is equivalent to an LCD code and consequently there exists a family of LCD codes that are equivalent to algebraic geometry codes and exceed the asymptotical GV bound.
Recently, Mesnager et al. [12] showed that, under two conditions, algebraic geometry codes are equivalent to LCD codes. In general, these two conditions are not easily satisfied for an arbitrary curve. Thus, no asymptotical result is derived from their result. Instead, they presented a few examples of curves such as projective line, elliptic curve and Hermitian curves that satisfy their conditions.
In this paper, we show that LCD codes exceed the Gilbert-Varshamov bound by constructing a class of LCD codes that are equivalent to algebraic geometry codes. The detail is given as follows: firstly we provide a sufficient condition under which a linear code is equivalent to an LCD code; then we do some counting on algebraic geometry codes and show that these two conditions are satisfied for an infinite family of algebraic geometry codes if the underlying function fields have many rational places and the code alphabet size is not too small; finally, we obtain a family of LCD codes that are equivalent to algebraic geometry codes and exceed the asymptotic Gilbert-Varshamov bound by applying this method to the two function field towers.
The paper is organized as follows. In Section II, we introduce some basic definitions and terminologies on LCD codes, function fields, algebraic geometry codes, and some function field towers. In Section III, we first show that a linear code can be turned into an LCD code under two conditions. Then some counting on algebraic geometry codes is presented. Finally, we show that some algebraic geometry codes are equivalent to LCD codes exceeding the asymptotic Gilbert-Varshamov bound.
II. PRELIMINARIES
In this section, we introduce some basic results on LCD codes, function fields, algebraic geometry codes and function field towers.
A. Linear Complementary Dual
A subspace C of F n q is called a q-ary [n, k, d]-linear code if the dimension of C over F q is k and the Hamming distance of C is d. For two vectors a = (a 1 , . . . , a n ), b = (b 1 , . . . , b n ) in F n q , the Euclidean inner product is defined by a, b = n i=1 a i b i . For a linear code C over F q , the Euclidean dual of C is defined by A linear code is called linear complementary dual
Furthermore, for a linear code C, we denote by a * C the linear code {a * c : c ∈ C}. It is clear that C and a * C are equivalent. Furthermore, it is easy to verify that (a * C) ⊥ = a −1 * C ⊥ .
B. Function Fields and Algebraic Geometry Codes
To construct LCD codes that are equivalent to algebraic geometry codes, we need to recall some basic definitions and results of algebraic function fields and algebraic geometry codes. The reader may refer to [17] , [18] for the detail.
Let F be a function field of genus g defined over F q . An element of F is called a function. A place P of F is the maximal ideal in a valuation ring O of F/F q . The residue field O/P is isomorphic to an extension field over F q . The degree of P is defined to be [O/P : F q ]. A place of degree one is called rational. The normalized discrete valuation corresponding to a place P is written as ν P . We use P F to denote the set of all places of F.
A divisor G of F is a formal sum P∈P F m P P with only finitely many nonzero integers m P . The support of G is defined to be {P ∈ P F : m P = 0}. The degree of G is defined to be
m P P is said to be bigger than or equal to divisor D = P∈P F n P P if m P n P for all P ∈ P F . A divisor G = P∈P F m P P is said to be effective, denoted by G 0 if m P 0 for all P ∈ P F . For a nonzero function f , the principal divisor div( f ) is defined to be
Then L(G) is a finite-dimensional vector space over F q and we denote its dimension by (G). By the Riemann-Roch theorem we have
where the equality holds if deg(G) ≥ 2g − 1.
Let P 1 , . . . , P n be pairwise distinct rational places of F and
Consider the map
Obviously the image of is a q-ary linear code. This code is defined to be an algebraic-geometry code (or AG code for 
The differential space of F is defined to be
where ν Q (x) is coprime with q for some place Q. This is a one-dimensional space over F. For a place P and a function t with ν P (t) = 1, we define
The divisor associated with a nonzero differential ω is defined to be div(w) =
P∈P F
ν P (ω)P. Such a divisor is called a canonical divisor. Every canonical divisor has degree 2g − 2, where g is the genus of F. Furthermore, any two canonical divisors are equivalent. Now, if P is a rational place and ν P ( f dt) −1, we define the residue of f dt at P to be ( f t)(P), denoted by
For a divisor G, we define the F q -vector space
and denote the dimension of (G) by i (G). Then one has the following relationship
where K is a canonical divisor. We define the code C (D, G) as
We have the following results [17, Th. 2.2.7, Proposition 2.2.10].
Lemma 2:
C. Two Function Field Towers
In this subsection, we introduce two function field towers with many rational places. These function fields will be used to construct LCD algebraic geometry codes exceeding the Gilbert-Varshamov bound. The reader may refer to [2] , [7] for the details on these two towers.
1) The First Tower:
The first tower is defined over F q with q = r 2 for a prime power r . The function field is
, where x i are transcendental elements over F q satisfying the following recursive equations
and g(F t ) denote the number of rational places of F t and the genus of F t , respectively. Then one has
2) The Second Tower: The second tower is defined over F q with q = 2 2m+1 for an integer m 1. For an integer j , denote by Tr
and g(F t ) denote the number of rational places of F t and the genus of F t , respectively. Then one has g(F t ) → ∞ as t → ∞, and
for all t 1.
D. Gilbert-Varshamov Bound
The Gilbert-Varshamov bound is a benchmark for good codes. It has been shown that with a high probability, a linear code achieves the Gilbert-Varshamov bound. It was proved that LCD codes can attain the following asymptotical GV bound in [16] .
Lemma 3 (Asymptotical Gilbert-Varshamov bound): For every q and δ ∈ (0, 1 − 1/q), there exists a family
is the q-ary entropy function.
III. CONSTRUCTION
From now onwards, we assume that F q has characteristic equal to 2. In this first subsection, we show that a linear code can be turned into an LCD code under two conditions. In the second subsection, we do some counting on algebraic geometry codes and show that these two conditions are satisfied for algebraic geometry codes if the underlying function fields have many rational points and q is not too small. In the third subsection, we apply the two function field towers in Subsection II-C to obtain LCD algebraic geometry codes that exceed the asymptotic Gilbert-Varshamov bound.
A. A General Construction of LCD Codes
This subsection shows that under certain conditions, a linear code can be turned into an equivalent code which is LCD. For a vector u = (u 1 , u 2 , . . . , u n ) of F n q , the support of u, denoted by supp(u), is defined to be the set {1 i n : u i = 0}. The Hamming weight of u, denoted by wt(u), is defined to be |supp(u)|. For a q-ary [n, k]-linear code C and a subset I ⊆ {1, 2, . . . , n}, define the sets
Furthermore, for a codeword u ∈ C, define the set 
and
for any positive integer w and any subset I ⊆ {1, 2, . . . , n} with |I | = w, then there exists a vector v ∈ (F * q ) n such that v * C is an LCD code.
Proof: Let T u (C) be defined in (5) . Assume that the cardinality of the union ∪ u∈C\{0} T u (C) is less than (q − 1) n , i.e.,
then one can find a vector a ∈ (F * q ) n such that a ∈ ∪ u∈C\{0} T u (C). This implies that a 2 * u ∈ C ⊥ , i.e., a * u ∈ a −1 * C ⊥ = (a * C) ⊥ for all u ∈ C \ {0}. Hence, in this case, the code a * C is LCD. Thus, it is sufficient to show that the inequality (8) holds.
For a codeword u ∈ C \ {0}, let I be the support of u. Consider the set
It is clear that R u (C) ⊆ S I (C ⊥ ). Furthermore, we have the relation |T u (C)| = (q − 1) n−w |R u (C)|, where w = |I |. Thus, by (7), we have
Denote by X the set ∪ u∈C\{0} T u (C). Then
n (by (6) ).
This completes the proof. Remark 1: When the characteristic of F q is odd, then we have the relation |T u (C)| = 2 w (q − 1) n−w |R u (C)| in contrast with the first equality of (10) in the proof of Lemma 4. The extra factor 2 w destroys our inequality (8) . However, in this case, |R u (C)| should be much smaller than |S I (C ⊥ )| since not every vectors in S I (C ⊥ ) has the form v 2 * u for a fixed u. We are not sure if we can analyze the relation between |R u (C)| and |S I (C ⊥ )| properly so that we still have the inequality (10) in this case.
B. Counting on AG Codes
The main purpose of this subsection is to show that some algebraic geometry codes satisfy the conditions (6) and (7).
Lemma 5: Let C be the algebraic geometry code C L (D, G) of length n defined over a function field of genus g. Assume that g λn+2 with a constant
for any subset I ⊆ {1, 2, . . . , n} with |I | = w 1. Proof: Let us prove the inequality on |S I (C)| first. Without loss of generality, we may assume that I = {1, 2, . . . , w}. Let m denote the degree of G. For a codeword
If w < n − m, then S I (C) = ∅ and the desired result is clear.
The desired result holds in this case as well. Now assume that w n − m + 2g − 1. We denote L(G − n j =w+1 P j − P i ) by A i . By the equation (11) and the inclusion-exclusion principle, we have 
This proves the inequality on S I (C).
By Lemma 2, there exists a vector v ∈ (F * q ) n and a nonzero differential η such that
since we have proved the result for the functional codes C L .
Lemma 5 shows that the inequalities (7) are satisfied for some algebraic geometry codes. Next, we are going to show that the inequality (6) can also be satisfied for algebraic geometry codes.
Lemma 6:
then for all sufficiently large t, one has (12), there exists ε > 0 such that
Put
Then we have
Thus, we have A t > 2 εn t /2 and B t > 2 εn t /2 for all sufficiently large t. This implies that 1/A t < 1/2 and 1/B t < 1/2 for sufficiently large t. Therefore, one has 1 − 1/A t − 1/B t > 0 for all sufficiently large t, i.e.,
The proof is completed.
C. LCD Algebraic Geometry Codes
Define
if q = 2 2i+1 for some i 1.
By Subsection II-C, there exists a function field family {F/F q } such that N(F) g(F)/λ q + 1 and g(F) → ∞.
Theorem 7: Let q 16 be a power of 2. If
then there exist LCD codes that are equivalent to algebraic geometry codes with rate R and relative minimum distance δ achieving the Tsfasman-Vlǎduţ bound asymptotically, i.e.,
Proof: Let {F t /F q } be one of the function field families defined in Subsection 2.3. Then we have λ q 1, λ q N(F t ) g(F t ) − 1, and g(F t ) → ∞. Denote g(F t ) simply by g t . Put n t = N(F t ) − 1 and choose n t + 1 distinct rational places
It is clear that the code C t has rate at least R and relative minimum distance at least δ. Thus, by Lemma 4, it is sufficient to show that C t satisfies the inequalities (6) and (7) for all sufficiently large t.
By Lemma 5, the inequality (7) is satisfied for λ = λ q . Now by Lemma 6, to show the inequality (6) for all sufficiently large t, it is sufficient to show that the inequalities (12) are satisfied for all sufficiently large t. Now assume that the inequality (15) holds, then R ⊥ := 1 − R satisfies (14) . By the above arguments, we know that the family {C ⊥ t } are LCD codes for for all sufficiently large t. Furthermore, we have R ⊥ + δ ⊥ 1 − λ q by the Goppa bound of algebraic geometry codes, where , respectively. Then it is easy to see that both u q and w q tend to 1/2 as q → ∞. Furthermore, u q − w q is strictly increasing for q 128 by considering derivative. Thus, for q 128, the equations (14) and (15) 
and 
It is easy to verify that the bound (19) is worse than the Gilbert-Varshamov bound.
IV. CONCLUSION
After submission of this paper to IEEE IT, Carlet et al. [4] showed that every nonbinary linear code is equivalent to an LCD code with the same parameters. This fascinating result shows that LCD codes can achieve parameters of all nonbinary linear codes. In particular, q-ary LCD codes exceed the asymptotic Gilbert-Varshamov bound in an interval of (0, 1) if q 49 is a square. It is clear that the result given in [4] covers the main result in this paper. However, this paper has originality in the sense that it is the first paper showing that there exists a family of LCD codes exceeding the asymptotic Gilbert-Varshamov bound. Despite of the fact that the paper [4] also gives a sufficient condition under which a linear code is equivalent to an LCD code, our paper provides an alternative and completely different way to construct LCD codes. In addition, the results and techniques presented in Section 3 are of independent interests.
